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We use the evolution operator method to find the one-loop effective action of scalar and spinor
QED in electric field backgrounds in terms of the Bogoliubov coefficient between the ingoing and
the outgoing vacua. We obtain the exact one-loop effective action for a Sauter-type electric field,
E0 sech
2(t/τ ), and show that the imaginary part correctly yields the vacuum persistence. The
renormalized effective action shows the general relation between the vacuum persistence and the
total mean number of created pairs for the constant and the Sauter-type electric field.
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I. INTRODUCTION
More than seven decades ago, Sauter, Heisenberg and Euler, and Weisskopf studied the effective action of a charged
particle in a constant electromagnetic field [1]. Using the proper time method, Schwinger systematically derived the
effective action in a gauge invariant form in a constant electromagnetic field [2]. There have been since then many
attempts to find the effective actions in various configurations of electromagnetic fields (for a review, see Ref. [3]).
The recent revival of the effective action in strong electromagnetic fields is partly due to a direct test of the strong
QED in terrestrial experiments in the near future [4] and partly due to applications to astrophysical objects with
strong electromagnetic fields beyond the critical strength.
In contrast to constant electromagnetic fields, finding the effective action in inhomogeneous electromagnetic fields is
a non-trivial task. There have been recent attempts to find the pair-production rate in inhomogeneous electric fields,
in particular, in localized electric fields either in space or time [5, 6, 7, 8, 9, 10, 11]. A key idea is the electric-magnetic
duality of the QED effective action [12], according to which the effective action for a constant magnetic field can be
analytically continued to that for a constant electric field. Though a Landau level in a constant magnetic field is dual
to the tunneling motion in a constant electric field [13], in the real spacetime a particle accelerates by an electric field,
whose unbounded motion makes non-trivial the task of finding the effective action from the time-dependent state.
Dunne and Hall used the resolvent technique and directly found the effective action in time-dependent electric fields
[14] and Fried and Woodard found the effective action for electric fields that depend on the light-cone time coordinate
[15].
Recently, two of us (SKP and HKL) applied the evolution operator method to find the effective action of scalar
QED in a constant electric field [16]. In this method the ingoing vacuum evolves to the outgoing vacuum via the
evolution operator. The evolution operator is given by a phase part and a squeeze operator, whose parameters are
determined by Bogoliubov coefficients. The effective action is then defined through the scattering amplitude between
the ingoing and the outgoing vacua [17, 18, 19, 20, 21, 22, 23]. The renormalized effective action for a constant electric
field, given by a Bogoliubov coefficient for each momentum, correctly yields not only the vacuum polarization but
also the vacuum persistence [16, 18, 20, 21, 22, 23]. However, it is still an open question whether the renormalized
effective action for a time-dependent electric field or an inhomogeneous electric field can satisfy the general relation
between the vacuum persistence and the total mean number of created pairs.
The main purpose of this paper is to further develop the evolution operator method in scalar QED, first by clarifying
the renormalization procedure in a constant electric field and then by applying it to time-dependent electric fields.
In particular, we find the exact one-loop effective action for the Sauter-type electric field, E0 sech
2(t/τ), together
with or without a constant magnetic field. Finally, we extend the evolution operator method to spinor QED and
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2find the exact one-loop effective action in the Sauter-type electric field. It is found that our effective action in spinor
QED under the Sauter-type electric field shows the correct limiting behaviors, in comparison with the effective action
obtained by the resolvent technique [14]. It is further shown that the imaginary parts of the effective action in scalar
and spinor QED satisfy the general relations between the vacuum persistence and the total mean number of created
scalar particles and fermions.
The organization of this paper is as follows. In Sec. II, we elaborate the evolution operator method for scalar
QED by clarifying the renormalization procedure and then extend it to spinor QED. This is done by expressing the
Bogoliubov transformation in terms of the evolution operator and then the evolution operator by a two-mode squeeze
operator. We find the mean number of created pairs and the vacuum persistence in terms of squeeze parameters,
which are, in turn, determined by the Bogoliubov coefficients, and finally obtain the effective action in scalar and
spinor QED. In Sec. III, we apply the method to a constant electric field and clarify the renormalization procedure in
scalar and spinor QED. In Sec. IV, we find the exact one-loop effective action for a Sauter-type electric field together
with or without a constant magnetic field in scalar and spinor QED, which is the main result of this paper.
II. EFFECTIVE ACTION IN ELECTRIC FIELDS
The effective action of a charged particle has been studied in various configurations of magnetic fields. The charged
particle in a magnetic field has a discrete spectrum from bounded motions, leading to the effective action. However,
in a strong electric field, a virtual pair from the Dirac sea gains a sufficient potential energy to separate over the
Compton wavelength and to materialize as a real pair. In the time-dependent gauge, the electric field provides a
potential barrier, over which the charged particle scatters from an ingoing state to an outgoing one. To find the
effective action in electric fields is not straightforward because unbounded motions cause instability of the vacuum. In
this section we shall introduce a new method to calculate the effective action at zero temperature using the evolution
operator, which can be factored into a phase factor and a squeeze operator.
In the time-dependent gauge, a time-dependent electric field along the z-direction is given by E(t) = −∂Az(t)/∂t.
The Fourier component of the Klein-Gordon equation for scalar QED and the spin diagonal component of the Dirac
equation for spinor QED satisfy [in units with ~ = c = 1 and with metric signature (+,−,−,−)][
∂2t +m
2 + k2⊥ + (kz + qAz(t))
2 + 2iσqE(t)
]
φkσ(t) = 0, (1)
where σ = 0 for scalar particles and σ = ±1/2 for spin-1/2 fermions.
A. Scalar QED
1. Evolution Operator in terms of Squeeze Operator
The ingoing vacuum is annihilated by ak(tin = −∞) for particle and bk(tin = −∞) for antiparticle for each
momentum, and the outgoing vacuum is similarly defined by ak(tout = ∞) and bk(tout = ∞). These operators are
related through the Bogoliubov transformation [24]
ak,in = µ
∗
k
ak,out − ν∗kb†k,out,
bk,in = µ
∗
kbk,out − ν∗ka†k,out, (2)
where
µk = i
(
φ∗
k
(tout)φ˙k(tin)− φ˙∗k(tout)φk(tin)
)
,
νk = i
(
φ∗k(tout)φ˙
∗
k(tin)− φ˙∗k(tout)φ∗k(tin)
)
. (3)
with the wronskian condition, φ˙∗
k
(t)φk(t)− φ˙k(t)φ∗k(t) = i. These coefficients satisfy the relation
|µk|2 − |νk|2 = 1. (4)
The inverse Bogoliubov transformation is
ak,out = µkak,in + ν
∗
k
b†
k,in,
bk,out = µkbk,in + ν
∗
ka
†
k,in. (5)
3The Bogoliubov coefficients µk and νk implicitly depend on the gauge potential Az through Eq. (1), so they will be
denoted by µk(A) and νk(A). For a constant electric field in Sec. III and a Sauter-type electric field in Sec. IV, the
coefficients directly found from the exact solution are free of the dynamical phases of evolution. However, a caveat
is that the dynamical phase of Eq. (3) should be removed in the effective action to account only interactions with
the electric field background. For instance, even a free scalar field for Az = 0 with the solution ϕk = e
−iωkt/
√
2ωk,
(ωk =
√
k2 +m2), has a dynamical phase given by
µk(A = 0) = e
i
R
tout
tin
ωkdt, (6)
and νk = 0. Thus, the Bogoliubov coefficients in Eq. (3) carry the information of both the dynamical phase and the
gauge potential.
To express the outgoing vacuum as multi-particle states of the ingoing vacuum, we write the Bogoliubov transfor-
mation (5) as a unitary transformation
ak,out = Ukak,inU
†
k
,
bk,out = Ukbk,inU
†
k
. (7)
Here, the evolution operator,
Uk(A) = Sk(A)Pk(A), (8)
is factored by the overall phase factor and the two-mode squeeze operator [25, 26]
Pk = exp
[
iθk
(
a†
k,inak,in + b
†
k,inbk,in + 1
)]
,
Sk = exp
[
rk
(
ak,inbk,ine
−2iϑk − a†
k,inb
†
k,ine
2iϑk
)]
, (9)
where the squeeze parameter rk, the squeeze angle ϑk, and the overall phase angle θk are determined by
µk = e
−iθk cosh rk,
ν∗k = −e−iθk(e2iϑk sinh rk). (10)
As the outgoing vacuum is the two-mode squeezed vacuum
|0, out〉 =
∏
k
Uk(A)|0, in〉 = U(A)|0, in〉, (11)
the scattering amplitude is given by
〈0, out|0, in〉 = 〈0, in|U †|0, in〉 =
∏
k
eiθk〈0, in|S†
k
|0, in〉. (12)
The squeeze operator can further be factored as [26]
Sk = exp
[
ξka
†
k,inb
†
k,in
]
exp
[γk
2
(
a†
k,inak,in + b
†
k,inbk,in + 1
)]
exp
[
−ξ∗kak,inbk,in
]
, (13)
where
ξk = −e2iϑk tanh rk,
γk = ln(1− |ξk|2) = −2 ln(cosh rk). (14)
2. Mean Number of Pairs and Vacuum Persistence
Using the squeeze operator, we now find the vacuum persistence and the mean number of created pairs. Due to
charge neutrality, the multi-particle state for n-pairs consists of equal number of particles and antiparticles, which is
compactly denoted as |nk, t〉 = (a†nk (t)/
√
n!)(b†n
k
(t)/
√
n!)|0; t〉. The probability for n-pairs with momentum k to be
created from the vacuum is
Pn(k) = |〈nk, out|0, in〉|2 = |〈nk, in|S†k|0, in〉|2 = eγk |ξk|2n. (15)
4Note that P0 = e
γk and P1 = e
γk |ξk|2 so that Pn = P0(P1/P0)n and
∑∞
n=0 Pn = 1 for each k. Thus, the mean number
of pairs created from the vacuum for each momentum per unit volume is
Nk =
∞∑
n=0
nPn(k) = sinh
2 rk = |νk|2. (16)
The vacuum persistence is
|〈0, out|0, in〉|2 =
∏
k
P0(k) =
∏
k
1
cosh2 rk
=
∏
k
1
|µk|2 . (17)
Alternatively, the vacuum persistence is the probability for the ingoing vacuum to remain the outgoing vacuum
|〈0, out|0, in〉|2 =
∏
k
[
1−
∞∑
n=1
Pn(k)
]
=
∏
k
1
cosh2 rk
. (18)
3. Effective Action
Following Refs. [16, 17, 18, 19, 20, 21, 22, 23], the effective action at zero temperature is defined by the scattering
amplitude as
eiS
sc
eff = ei
R
dtd3xLsceff = 〈0, out|0, in〉. (19)
In fact, the effective action is equivalent to the usual form
eiS
sc
eff =
∫
Dφ∗Dφei
R
Lsc(A). (20)
After a gymnastic of algebra, the effective action is given by
〈0, out|0, in〉 =
∏
k
1
µ∗
k
. (21)
The effective action may be found directly from the ingoing and the outgoing vacuum wave functional, for instance,
from the ground state for ak and bk,
〈0k, out|0k, in〉 =
[
ϕ∗
k
(tin)ϕk(tout)
|ϕ∗
k
(tin)ϕk(tout)|
]
1
µ∗
k
. (22)
Here, the dynamical phase in the square bracket, which is, for instance, e
−i
R
tout
tin
ωkdt for A = 0, is canceled by that of
µ∗
k
, so the effective action (22) is independent of the dynamical phase, as in Eq. (21).
Finally, we find the effective action per unit volume
Lsceff = i
∑
k
ln(µ∗k), (23)
where the summation is over all possible states in the momentum space. It can be shown that the vacuum persistence
|〈0, out|0, in〉|2 = e−2(ImSsceff ) = e−V
P
k
ln(1+N sc
k
), (24)
where V is the volume, leads to the exact relation between the imaginary part and the total mean number of created
scalar pairs
2(ImLsceff) =
∑
k
ln(1 +N sc
k
). (25)
The relation (25) is generally true for any electric field background. In the weak-field limit, (|νk|2 ≪ 1), twice of
the imaginary part of the effective action per unit volume is the total mean number of created pairs, 2(ImLsceff) ≈∑
k
N sc
k
= N sc.
However, it should be pointed out that the effective action (23) and thereby the general relation (25) involve
diverging terms, which require some proper regularization scheme to yield renormalized ones. In this paper we shall
show that the renormalized effective action in scalar QED indeed satisfies the general relation (25) for a constant and
a Sauter-type time-dependent electric field.
5B. Spinor QED
In spinor QED, the Bogoliubov transformation between the ingoing and the outgoing particle and antiparticle
operators, bn, dn, is given by
bn,out = µnbn,in + iν
∗
nd
†
n,in,
dn,out = µndn,in − iν∗nb†n,in, (26)
where n = (k, σ) denotes the momentum and spin states, σ = ±1/2. The Bogoliubov coefficients satisfy the relation
|µn|2 + |νn|2 = 1. (27)
The Bogoliubov transformation can be written as a unitary transformation [27]
bn,out = Unbn,inU
†
n,
dn,out = Undn,inU
†
n, (28)
where the evolution operator is factored into the overall phase factor and the two-mode squeeze operator for fermions
as
Un = e
ξnb
†
n,ind
†
n,ine(
γn
2 +iθn)(b
†
n,inbn,in+d
†
n,indn,in−1)ee
2iθnξ∗nbn,indn,in. (29)
The Bogoliubov coefficients are determined by three real parameters θn, ϑn, rn for the evolution operator as follows
µn = e
−iθn cos rn,
ν∗n = −e−iθn(e2iϑn sin rn),
γn = −2 ln(cos rn),
ξn = ie
2iϑn tan rn. (30)
The effective action defined as the scattering amplitude,
eiS
sp
eff = 〈0, in|
∏
n
U †n|0, in〉, (31)
leads, with the aid of Eq. (29), to the effective action per unit volume for spinor QED in the form
Lspeff = −i
∑
n
ln(µ∗n), (32)
where the summation n is over all possible momentum k and spin σ. The mean number of pairs created from the
vacuum for each state n is calculated as
N spn = |〈1n, out|0, in〉|2 = sin2 rn = 1− |µn|2. (33)
Therefore, the vacuum persistence
|〈0, out|0, in〉|2 = e−2(ImSspeff ) = eV
P
n ln(1−N
sp
n ), (34)
where V is the volume, leads to the exact relation between the imaginary part and the total mean number of created
pairs
2(ImLspeff) = −
∑
n
ln(1 −N spn ). (35)
The relation (35) is generally true for any electric field background in spinor QED.
As in the case of scalar QED, the spinor effective action (32) and the general relation (35) are not renormalized yet.
In the next sections we shall put forth a regularization scheme, obtain the renormalized effective action and show the
general relation (35).
6III. EFFECTIVE ACTION IN A CONSTANT ELECTRIC FIELD
As the first application of the method in Sec. II, we find the effective action for a constant electric field. In the
time-dependent gauge Az = −Et, the Fourier-component of the Klein-Gordon or the spin diagonal Dirac equation
takes the form [
∂2t +m
2 + k2⊥ + (kz − qEt)2 + 2iσqE
]
φω,k(t) = 0, (36)
where σ = 0 for scalar QED and σ = ±1/2 for spinor QED. The equation describes the scattering problem over an
inverted harmonic potential. The asymptotic ingoing and the outgoing vacuum may be defined with respect to the
asymptotically positive frequency at t = −∞ and +∞, respectively. A positive frequency solution at t = −∞ is,
in general, scattered into a branch of positive frequency and another branch of negative frequency at t = ∞. The
solution of the parabolic cylinder function
φω,k(t) = Dp(z), (37)
with
z =
√
2
qE
eipi/4(kz − qEt), p = −1
2
− im
2 + k2⊥ + 2iσqE
2(qE)
, (38)
has an appropriate ingoing flux at t = −∞ with respect to the asymptotic form Dp(z) ≈ e−z2/4zp for |z| ≫ 1. In the
other asymptotic region at t =∞, the solution is analytically continued to the form [28]
Dp(z) = e
−ippiDp(−z) +
√
2pi
Γ(−p)e
−i(p+1)pi/2D−p−1(iz). (39)
Thus, we find the Bogoliubov coefficients
µk =
√
2pi
Γ(−p)e
−i(p+1)pi/2, νk = e
−ippi. (40)
A. Scalar QED
From Eq. (23) for scalar QED, the effective action per unit volume is given by
Lsceff = i
qE
2pi
∫
d2k⊥
(2pi)2
[
ln
√
2pi − ln Γ(−p∗)− i (p
∗ + 1)pi
2
]
. (41)
Here, qE/(2pi) is the number of states along the z-direction and d2k⊥/(2pi)
2 is the number of states for each k⊥.
Using the gamma function [29]
ln Γ(z) =
∫ ∞
0
[ e−zs
1− e−s −
e−s
1− e−s + (z − 1)e
−s
]ds
s
, (42)
and subtracting all divergent terms which are independent of qE and linear in qE, the effective action per unit volume
takes the form
Lsceff = −i
qE
4pi
∫
d2k⊥
(2pi)2
∫ ∞
0
ds
s
e(p
∗+1/2)s
[ 1
sinh(s/2)
− 2
s
+
s
12
]
. (43)
Note that the effective action (43) is now finite after a renormalization prescription, where the (2/s)-subtraction,
independent of qE, corresponds to the vacuum-energy renormalization, and the (−s/12)-subtraction, quadratic in
qE, corresponds to the charge renormalization. Also, note that the resonances at p∗ = n of scattering amplitude,
1/µ∗
k
, which correspond to the complex energy eigenvalues, m2+k2⊥+ iqE(2n+1), from the electric-magnetic duality
in Ref. [14], are regular points of the integral in Eq. (43).
Further, by integrating over the momentum k⊥, the effective action is given by a finite integral
Lsceff =
1
16pi2
∫ ∞
0
ds
s3
eim
2s
[ qEs
sinh(qEs)
− 1 + (eEs)
2
6
]
. (44)
7FIG. 1: The contour of s integration for Eq. (50)
Finally, by doing the contour integral over a quarter circle in the first quadrant in Fig. 1, we obtain the exact one-loop
effective action per unit volume
Lsceff = −
1
16pi2
P
∫ ∞
0
ds
s3
e−m
2s
[ qEs
sin(qEs)
− 1− (eEs)
2
6
]
+ i
(qE)2
16pi3
∞∑
n=1
(−1)n+1
n2
e−
pim2n
qE , (45)
where P denotes the principal value. The effective action (45) agrees with the exact result by Schwinger [2]. The
imaginary part may be written in the form
Im(Lsceff) =
qE
2(2pi)
∫
d2k⊥
(2pi)2
ln(1 +Nk), (46)
where Nk = e−pi(m2+k2⊥)/(qE), and confirms the relation (25), now renormalized one.
A passing remark is that the Bogoliubov coefficients (40) can also be obtained from Eq. (3) by appropriately
normalizing the ingoing wave function as
ϕk,in(t) =
e−pi
m2+k2
⊥
4qE√
2qE
Dp(z), (47)
and by choosing tin + tout = 2kz/qE, which amounts to removing the dynamical phase.
B. Spinor QED
In spinor QED, the effective action per unit volume can be obtained from Eq. (32) as
Lspeff = −i
qE
2pi
∫
d2k⊥
(2pi)2
[
ln
√
2pi − ln Γ(−p∗)− i (p
∗ + 1)pi
2
]
. (48)
Using the gamma function (42) and summing over the spin states (σ = ±1/2), we find the effective action per unit
volume in the form
Lspeff = −i
qE
4pi
∫
d2k⊥
(2pi)2
∫ ∞
0
ds
s
ei
m2+k2
⊥
2qE s
[
coth(s/2)− 2
s
+
s
12
]
. (49)
Finally, integrating over the momentum k⊥ and doing the contour integral as in the case of scalar QED, we obtain
the renormalized effective action
Lspeff =
1
8pi2
P
∫ ∞
0
ds
s3
e−m
2s
[
(qEs) cot(qEs)− 1
s
+
(eEs)3
3
]
+ i
(qE)2
8pi3
∞∑
n=1
1
n2
e−
pim2n
qE , . (50)
8The effective action (50) agrees with the exact result by Schwinger [2]. The imaginary part may be written in the
form
Im(Lspeff) = −
qE
(2pi)
∫
d2k⊥
(2pi)2
ln(1−Nk), (51)
where Nk = e−pi(m2+k2⊥)/(qE), and confirms the relation (35), which is now renormalized.
IV. EFFECTIVE ACTION IN A SAUTER-TYPE ELECTRIC FIELD
In this section we turn to the main result of this paper, the exact one-loop effective action for a Sauter-type electric
field E(t) = E0sech
2(t/τ) [30] together with or without a parallel constant magnetic field. In a Lorentz frame where
the electric field is parallel to the magnetic field, we may choose as
Aµ =
(
0,−By
2
,
Bx
2
,−E0τ(1 + tanh( t
τ
))
)
. (52)
Here, we have chosen the gauge such that the Klein-Gordon or Dirac equation reduces to a free scalar theory in the
past infinity (t = −∞) when B = 0. In the first case of a pure electric field (B = 0), the time component of the
Klein-Gordon equation or the spin diagonal component of the Dirac equation may be written as
ϕ¨k(t) + ω
2
k(t)ϕk(t) = 0, (53)
where
ω2
k
(t) =
(
kz − qE0τ(1 + tanh( t
τ
))
)2
+ k2⊥ +m
2 + 2iσqE(t), (54)
where σ = ±1/2 denotes the spin state. The mode equation (53) has the asymptotic frequency at t = −∞ and +∞,
ωk,in =
√
k2 +m2, ωk,out =
√
(kz − 2qE0τ)2 + k2⊥ +m2. (55)
A. Scalar QED
The Bogoliubov coefficients between the ingoing and the outgoing vacua are found from the solution to Eq. (53)
with σ = 0, which has the asymptotic ingoing solution at t = −∞,
ϕk,in(t) =
e−iωk,int√
2ωk,in
. (56)
The solution is given by [5, 20, 24, 31]
ϕk(t) =
1√
2ωk,inepiτωk,in
(1− z)1/2+iλscz−iτωk,in/2F (αk, βk; γk; z), (57)
where F (αk, βk; γk; z) is the hypergeometric function, and
z = −e2t/τ , λsc =
√
(qE0τ2)2 − 1
4
, (58)
and
αk =
1
2
− i
2
(
τωk,in − τωk,out − 2λsc
)
,
βk =
1
2
− i
2
(
τωk,in + τωk,out − 2λsc
)
,
γk = 1− iτωk,in. (59)
9The solution evolves to the form at t =∞
ϕk(t) = µkϕk,out(t) + νkϕ
∗
k,out(t), (60)
where
ϕk,out(t) =
e−iωk,outt√
2ωk,out
(61)
is the outgoing solution, and
µk = 2
−iτωk,out
√
ωk,out
ωk,in
(
Γ(γk)Γ(βk − αk)
Γ(βk)Γ(γk − αk)
)
,
νk = 2
iτωout
k
√
ωk,out
ωk,in
(
Γ(γk)Γ(αk − βk)
Γ(αk)Γ(γk − βk)
)
. (62)
The terms in front of the brackets of the Bogoliubov coefficient (62) are removed in a renormalization procedure;
thus, according to Eq. (23), the effective action per unit volume is given by
Lsceff = i
∫
d3k
(2pi)3
[
ln Γ(γ∗k) + ln Γ(β
∗
k − α∗k)− ln Γ(β∗k)− ln Γ(γ∗k − α∗k)
]
. (63)
By using the gamma function (42), we obtain the effective action in an intermediate form
Lsceff = −
i
2
∫
d3k
(2pi)3
∫ ∞
0
ds
s
(e−
i
2Ω
(+)
k
s + e−
i
2Ω
(−)
k
s)
[ 1
sinh(s/2)
− 2
s
+
s
12
]
+
i
2
∫
d3k
(2pi)3
∫ ∞
0
ds
s
e−iτωk,ins
[ e−s/2
sinh(s/2)
− 2
s
+ 1− s
6
]
+
i
2
∫
d3k
(2pi)3
∫ ∞
0
ds
s
e−iτωk,outs
[ es/2
sinh(s/2)
− 2
s
− 1− s
6
]
, (64)
where
Ω
(±)
k
= τωk,in + τωk,out ± 2λsc. (65)
Finally, by doing the contour integral over a quarter circle in the fourth quadrant, we obtain the exact one-loop
effective action per unit volume
Lsceff =
1
2
∫
d3k
(2pi)3
P
∫ ∞
0
ds
s
(e−Ω
(+)
k
s + e−Ω
(−)
k
s)
[ 1
sin(s)
− 1
s
− s
6
]
−1
2
∫
d3k
(2pi)3
P
∫ ∞
0
ds
s
(e−2τωk,ins + e−2τωk,outs)
[
cot(s)− 1
s
+
s
3
]
+
i
2
∫
d3k
(2pi)3
ln
[ (1 + e−piΩ(+)k )(1 + e−piΩ(−)k )
(1 − e−2piτωk,in)(1− e−2piτωk,out)
]
. (66)
It can be shown by a direct calculation that
2Im(Lsceff) =
∫
d3k
(2pi)3
ln(1 +N sck ), (67)
where
N sc
k
=
cosh(2piλsc) + cosh(piτωk,out − piτωk,in)
2 sinh(piτωk,in) sinh(piτωk,out)
. (68)
The mean number of created pairs, Eq. (68), agrees with the exact result, Eq. (43), of Ref. [32].
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In the second case of the electric field together with a constant magnetic field, the mode equation takes the form
ϕ¨k(t, x, y) +
[
−(∂2x + ∂2y) +
(qB
2
)2
(x2 + y2) + qBLz +
(
kz − qE0τ(1 + tanh( t
τ
))
)2
+m2
]
ϕk(t, x, y) = 0. (69)
Now, the mode equation (69) has the asymptotic frequency,
ωnk,in =
√
k2z + qB(2n+ 1) +m
2, ωnk,out =
√
(kz − 2qE0τ)2 + qB(2n+ 1) +m2. (70)
In Ref. [24], the solution is found to be ϕk(t, x, y) = ϕnk(t)ϕn(x, y), where ϕn(x, y) is the two-dimensional harmonic
oscillator function with the Landau level, qB(2n+ 1), and
ϕnk(t) =
1√
2ωnk,inepiτωnk,in
(1− z)1/2+iλscz−iτωnk,in/2F (αnk, βnk; γnk; z), (71)
with parameters replaced by
αnk =
1
2
− i
2
(
τωnk,in − τωnk,out − 2λsc
)
,
βnk =
1
2
− i
2
(
τωnk,in + τωnk,out − 2λsc
)
,
γnk = 1− iτωnk,in. (72)
By repeating the same procedure for the pure electric field, we obtain the exact one-loop effective action per unit
volume
Lsceff =
1
2
∫
dkz
2pi
P
∫ ∞
0
ds
s
∞∑
n=0
(e−Ω
(+)
nk
s + e−Ω
(−)
nk
s)
[ 1
sin(s)
− 1
s
+
s
6
]
−1
2
∫
dkz
2pi
P
∫ ∞
0
ds
s
∞∑
n=0
(e−2τωnk,ins + e−2τωnk,outs)
[
cot(s)− 1
s
+
s
3
]
+
i
2
∫
dkz
2pi
∞∑
n=0
ln
[ (1 + e−piΩ(+)nk )(1 + e−piΩ(−)nk )
(1− e−2piτωnk,out)(1− e−2piτωnk,in)
]
. (73)
where
Ω
(±)
nk = τωnk,in + τωnk,out ± 2λsc. (74)
It can be shown that 2 Im(Lsceff) =
∑
k
ln(1 +N sc
k
), thus confirming the renormalized relation of Eq. (25).
B. Spinor QED
The Sauter-type electric field in spinor QED does not change the asymptotic solutions ϕk,in and ϕk,out for each
spin diagonal component, which define the ingoing and the outgoing vacua. The spin diagonal component equation
(53) has the solution [20, 31]
ϕk(t) =
1√
2ωk,inepiτωk,in
(1− z)(1−2σ)/2+iλspz−iτωk,in/2F (αsp
k
, βsp
k
; γk; z), (75)
where
z = −e2t/τ , λsp = qE0τ2, (76)
and
αsp
k
=
1− 2σ
2
− i
2
(
τωk,in − τωk,out − 2λsp
)
,
βsp
k
=
1− 2σ
2
− i
2
(
τωk,in + τωk,out − 2λsp
)
,
γk = 1− iτωk,in. (77)
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Then the Bogoliubov coefficients are
µsp
k
= 2−iτωk,out
√
ωk,out
ωk,in
(
Γ(γk)Γ(β
sp
k
− αsp
k
)
Γ(βsp
k
)Γ(γk − αspk )
)
,
νsp
k
= 2iτω
out
k
√
ωk,out
ωk,in
(
Γ(γk)Γ(α
sp
k
− βsp
k
)
Γ(αsp
k
)Γ(γk − βspk )
)
, (78)
and the effective action per unit volume is given by
Lspeff = i
∫
d3k
(2pi)3
[
ln Γ(γ∗k) + ln Γ(β
sp∗
k
− αsp∗
k
)− ln Γ(βsp∗
k
)− ln Γ(γk − αsp∗k )
]
. (79)
Finally, using the gamma function (42) and summing over the spin states, we obtain the exact one-loop effective
action in spinor QED
Lspeff = −
∫
d3k
(2pi)3
P
∫ ∞
0
ds
s
[
(e−Ω
sp(+)
k
s + e−Ω
sp(−)
k
s)− (e−2τωk,ins + e−2τωk,outs)
](
cot(s)− 1
s
+
s
3
)
−i
∫
d3k
(2pi)3
ln
[ (1− e−piΩsp(+)k )(1− e−piΩsp(−)k )
(1− e−2piτωk,in)(1 − e−2piτωk,out)
]
, (80)
where
Ω
sp(±)
k
= τωk,in + τωk,out ± 2λsp. (81)
Note that the effective action (80) is finite due to the renormalization of vacuum-energy and charge. The difference
of the factor of two from Eq. (66) in scalar QED is the spin multiplicity of spin-1/2 fermions. A direct calculation
leads to the general relation, which is renormalized,
Im(Lspeff) = −
∫
d3k
(2pi)3
ln(1−N sp
k
), (82)
where
N sp
k
=
cosh(2piλsp)− cosh(piτωk,out − piτωk,in)
2 sinh(piτωk,in) sinh(piτωk,out)
. (83)
A few comments are in order. First, the mean number (83) from the imaginary part agrees with the exact result
(42) for spin-1/2 fermions of Ref. [32] and also with Ref. [31]. Second, we may compare the imaginary part with Eq.
(30) of Ref. [14],
Im(Lspeff) =
∫
d3k
(2pi)3
ln
[
(1− e−piΩ(+)k )(1− e−piΩ(−)k )
]
. (84)
However, the denominator of the imaginary part in Eq. (80) is necessary to explain no pair production in the limit of
either E0 = 0 for a finite τ or τ = 0 for a finite E0. Note that in the limit of τωk,in ≫ 1 the denominator approaches
to identity and the imaginary part of Eq. (80) reduces to Eq. (84).
In the presence of a constant magnetic field parallel to the Sauter-type electric field, the exact one-loop effective
action is obtained by summing over Landau levels,
Lspeff = −
∫
dkz
2pi
P
∫ ∞
0
ds
s
∞∑
n=0
[
(e−Ω
sp(+)
nk
s + e−Ω
sp(−)
nk
s)− (e−2τωnk,ins + e−2τωnk,outs)
](
cot(s)− 1
s
+
s
3
)
−i
∫
dkz
2pi
P
∫ ∞
0
ds
s
∞∑
n=0
ln
[ (1− e−piΩsp(+)nk )(1− e−piΩsp(−)nk )
(1− e−2piτωnk,in)(1− e−2piτωnk,out)
]
, (85)
where
ωnk,in =
√
k2z + qB(2n+ 1) +m
2, ωnk,out =
√
(kz − 2qE0τ)2 + qB(2n+ 1) +m2. (86)
and
Ω
sp(±)
nk = τωnk,in + τωnk,out ± 2λsp. (87)
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V. CONCLUSION
In this paper we further developed the evolution operator method to calculate the effective action of scalar and
spinor QED in electric field backgrounds, which was expressed in terms of the Bogoliubov coefficient. In fact, the
Bogoliubov transformation between the ingoing and the outgoing Fock space enables one to explicitly calculate the
scattering amplitude between the ingoing and the outgoing vacua, whose complex phase is the effective action. For
that purpose, we first expressed the evolution operator in terms of a two-mode squeeze operator and an overall phase
part. As the two-mode squeeze operator carries the information about the multi-pair production, this approach
correctly yields not only the mean number of created pairs but also the vacuum polarization.
We first applied the method to a constant electric field to clarify the renormalization procedure. The exact one-loop
effective action and its imaginary part thus obtained agreed with the standard scalar and spinor QED result from
other methods. According to the electric-magnetic duality, the Landau levels of a charged scalar particle or spin-1/2
fermion in a magnetic field correspond to a discrete spectrum of complex frequencies in the electric field. However,
the actual motion in an electric field is an acceleration. Instead, the evolution operator method makes use of the
Bogoliubov transformation between the ingoing and the outgoing Fock space. The Bogoliubov coefficient leads to
the exact one-loop effective action simultaneously with the correct imaginary part as the sum of residues of a proper
integral.
As the next application, we applied the method to a Sauter-type electric field, effectively acting for a finite period
of time. Using the Bogoliubov coefficient, we obtained the exact one-loop effective action at zero temperature, which
is the main result of this paper. The real part of the effective action of scalar and spinor QED takes the form
Re(Leff) = ±2S + 1
2
∫
d3k
(2pi)3
P
∫ ∞
0
ds
s
[
(e−Ω
(+)
k
s + e−Ω
(−)
k
s)f(s)− (e−2τωk,ins + e−2τωk,outs)g(s)
]
, (88)
where the upper (lower) sign and S = 0 (1/2) are for scalar particles (spin-1/2 fermions), and g(s) = cot(s)−1/s+s/3,
and f(s) = 1/ sin(s) − 1/s + s/6 for scalar particles and f(s) = g(s) for spin-1/2 fermions. The imaginary part is
given by
Im(Leff) = ±2S + 1
2
∫
d3k
(2pi)3
ln
[ (1± e−piΩ(+)k )(1± e−piΩ(−)k )
(1− e−2piτωk,in)(1 − e−2piτωk,out)
]
, (89)
where the upper positive signs are for scalar particles and the lower negative signs for spin-1/2 fermions. It is further
shown that the imaginary part of the renormalized effective action indeed satisfies the general relation, as expected,
2(ImLeff) = ±(2S + 1)
∫
d3k
(2pi)3
ln(1±Nk), (90)
where
Nk = cosh(2piλ)± cosh(piτωk,out − piτωk,in)
2 sinh(piτωk,in) sinh(piτωk,out)
. (91)
The mean number of created pairs, Eq. (91), agrees with the exact results, Eq. (43) for scalar particles and Eq. (42)
for spin-1/2 fermions of Ref. [32]. The denominator in Eq. (89), which is missing in Ref. [14], is necessary to explain
no pair production in the limit of either E0 = 0 for a finite τ or τ = 0 for a finite E0. However, in the other limit
of τ → 0 for a finite E0τ , the mean number approaches the limiting value N sck = (ωk,out − ωk,in)2/(4ωk,inωk,out) for
scalar particles and N sp
k
= [4(qE0τ)
2 − (ωk,out − ωk,in)2]/(4ωk,inωk,out) for spin-1/2 fermions. Finally, we found the
exact one-loop effective action both in the Sauter-type electric field and in a constant magnetic field.
It should be pointed out that the method can be applied to the finite-temperature effective action in a time-
dependent electric field, which describes a nonequilibrium quantum field [33].
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